Abstract. We study the complex Monge-Ampère operator on compact Kähler surfaces. We give a complete description of its range on the set of ø-psh functions with L 2 -gradient and finite self-energy, generalizing to this compact setting results of U.Cegrell from the local pluripotential theory.
Introduction
Let X be a compact connected Kähler surface (dim C X = 2) equipped with a Kähler form ø. Given a positive Radon measure µ on X, we want to study the complex Monge-Ampère equation
where ϕ, the unknown function, is such that ø ϕ := ø + dd c ϕ is a positive current. Such functions are called ø-plurisubharmonic. We refer the reader to [15] for their basic properties. Here d = ∂ + ∂ and d c = 1 2iπ (∂ − ∂). An obvious necessary condition to solve (M A) µ is that µ(X) = V ol ø (X) := X ø 2 . In the sequel we always assume ø has been normalized so that V ol ø (X) = 1, hence we only consider probability measures. Trying to solve (M A) µ one immediately faces two problems. The Monge-Ampère operator ø 2 ϕ is not well defined on the set P SH(X, ø) of all ø-psh functions, hence one has to restrict to subclasses of ø-psh functions. In the whole article we only consider ø-psh functions with L 2 -gradient: this is the class E(X, ø), on which the Monge-Ampère operator is well-defined, as was already observed by E.Bedford and A.Taylor in [4] (see [7] for a more recent account).
The second problem is that solutions to (M A) µ are far from being uni que, e.g. if µ charges points. One has to further restrict to subclasses of E(X, ø) in order to give an interesting description of the range of the MongeAmpère operator. The first and cornerstone result in this direction is due to S.-T.Yau [26] who proved (see also [1] ) the following Theorem 0.1 (Yau 1978) . If µ is a smooth volume form, then there exists a unique ϕ ∈ P SH(X, ø) ∩ C ∞ (X) such that This is the solution to a celebrated conjecture of E.Calabi [8] , and it has important consequences in differential geometry (see [24] , [25] ).
From the point of view both of complex geometry and pluripotential theory, it is important to solve (M A) µ for singular measures µ. A major contribution was made by S.Kolodziej [19] , [20] , who proved the following result.
Theorem 0.2 (Kolodziej, 1998) . If µ = f ø 2 has density f ∈ L p (X), p > 1, then there exists a unique ϕ ∈ P SH(X, ø) ∩ C 0 (X) such that ø 2 ϕ = µ and sup
For applications in complex geometry and complex dynamics one needs to allow unbounded solutions ϕ to Monge-Ampère equations (M A) µ with more singular measures µ (see [12] , [13] and [2] , [14] ). This is the main goal of this article. We consider the subclass E 1 (X, ø) of ø-psh functions ϕ with L 2 -gradient and such that ϕ ∈ L 1 (ø 2 ϕ ). Our main result gives a full characterization of the Monge-Ampère operator on this class.
Theorem 0.3 (MAIN THEOREM).
There exists a unique ϕ ∈ E 1 (X, ø) such that ø if and only if E 1 (X, ø) ⊂ L 1 (µ).
The class E 1 (X, ø) contains many unbounded functions, however these are not too singular (e.g. they have zero Lelong numbers), as follows from the condition ϕ ∈ L 1 (ø 2 ϕ ). A similar result was proved by U.Cegrell [9] in a local setting (for bounded hyperconvex domains in C n ). Our work originated from an attempt to understand Cegrell classes in the global context of ø-psh functions on compact Kähler manifolds. We would like to emphasize that surprinsingly the global and the local theory are quite different:
-There is no boundary condition in the compact setting. Integration by parts are much simpler, as well as compactness arguments. In particular Monge-Ampère masses are uniformly controlled by V ol ø (X) = 1.
-The counterpart is that one looses the homogeneity of the Monge-Ampère operator ø 2 ϕ . If ϕ ∈ P SH(X, ø) then lϕ ∈ P SH(X, ø) for 0 ≤ l ≤ 1 but not for l > 1, and one has to get control on mixed terms ø 2 , ø ∧ ø ϕ , ø 2 ϕ , due to the affine part of ø ϕ = ø + dd c ϕ. This is an important source of difficulty.
Most of our results hold on any n-dimensional compact Kähler manifold. We have restricted ourselves to the case of complex surfaces (n = 2) because it greatly simplifies both the definition of the Monge-Ampère operator and the computations. We also assume throughout the article that ø is a Hodge form, i.e. a Kähler form with integer cohomology class. In this case one can easily regularize ø-psh functions with no loss of positivity (see Appendix in [15] and [16] ). All our results are true when ø is merely a Kähler form, but our estimates then have to be modified by a uniform constant.
We now describe the contents of the article more precisely. In section 1 we define and study the class E(X, ø) of ø-psh functions whose gradient is in L 2 (X). We then define the Monge-Ampère operator ø 2 ϕ in section 2 and prove basic continuity results. The class E 1 (X, ø) is introduced in section 3. It is a starshaped convex set, stable under taking maximum (proposition 3.2). These properties are established through integration by parts which are justified thanks to an important continuity result (Theorem 3.1). We also prove (Theorem 3.4) that solutions to the Monge-Ampère equation (M A) µ are unique -up to an additive constant-in the class E 1 (X, ø).
In section 4 we define and study several intermediate classes E p (X, ø), p ≥ 1. Not only are they interesting in themselves, but we need to solve first (M A) µ with solutions in E p (X, ø), p > 1, before producing solutions in E 1 (X, ø). We prove our main result (Theorem 5.1) in section 5 where we give a complete characterization of the range of the Monge-Ampère operator ø 2 ϕ on each class E p (X, ø), p ≥ 1. Finally in section 6 we give several examples of functions in E p (X, ø) and measures of Monge-Ampère type by linking these integrability properties to the size of the sublevel sets (ϕ < −t), estimated in terms of the Monge-Ampère capacity Cap ø .
The gradient of qpsh functions
¿From now on we assume X is a compact complex projective surface (i.e. of complex dimension 2) and ø is a Hodge form on X normalized so that Vol ø (X) := X ø 2 = 1. Recall that endowed with the Sobolev norm ||ϕ||
To simplify notations all L p -norms are computed with respect to the volume form ø 2 unless otherwise specified. Here the L 2 -norm of the gradient simply means
We shall denote E(X, ø) by E when no confusion can arise. Recall that every ø-psh function can be approximated by a decreasing sequence of smooth ø-psh functions (see Appendix in [15] ). This motivates the following
hence in the sense of currents. Let θ be a smooth test form. We get
thus ϕ j ø ϕ j → ϕø ϕ in the sense of currents. Assume now ϕ j decreases towards ϕ. By the monotone convergence theorem, ϕ j → ϕ in L 2 , so the question is whether
, so it follows from the monotone convergence theorem again that X (ϕ j − ϕ)ø ϕ ∧ ø → 0.
In the sequel we shall implicitly make computations on smooth approximants and then pass to the limit by using lemma 1.1.
Proposition 1.2. One has
Moreover E(X, ø) is a closed subspace of W 1,2 (X).
Proof. Let ϕ ∈ P SH(X, ø). We can assume w.l.o.g. ϕ ≤ 0. Let us recall that a ø-psh function is L p -integrable for all p ≥ 1 and has gradient in L p for all p < 2 (see [18] and inequality (2) below). It follows therefore from Hölder inequality that ϕd c ϕ is a well defined current of degree 1 with L 1 coefficients. Observe that
where one of the currents on the right hand-side is well defined as soon as the other is. It follows therefore from Stokes theorem that
. Therefore ø ϕ ∧ ø ψ is a well defined probability measure.
2) The set E(X, ø) is star-shaped and convex.
3) Assume ϕ, ψ ∈ P SH(X, ø) with ϕ ≤ ψ. If ϕ ∈ E(X, ø) then ψ ∈ E(X, ø). In particular E(X, ø) is stable under taking maximum.
Proof. Fix ϕ, ψ ∈ E. We can assume ψ ≤ 0. By Stokes theorem and CauchySchwarz inequality, we get
The current ψø ϕ is therefore well defined, hence so is
This yields a probability measure, as can be seen by approximating ϕ and ψ by smooth approximants and by using lemma 1.1. We now show that E is convex. Given ϕ, ψ ∈ E, it suffices to check that u = (ϕ + ψ)/2 also belongs to E. By symmetry we only need to show that ϕ ∈ L 1 (ø u ∧ ø). Since ø u = (ø ϕ + ø ψ )/2 and ϕ ∈ L 1 (ø ϕ ∧ ø), this boils down to check that ϕ ∈ L 1 (ø ψ ∧ ø), which is nothing but 1.3.1.
Assume ϕ ∈ E and l ∈ [0, 1]. Then lϕ ∈ P SH(X, ø) since ø lϕ = lø ϕ + (1 − l)ø ≥ 0. Also ∇(lϕ) = l∇ϕ ∈ L 2 (X), hence lϕ ∈ E, i.e. E is star-shaped.
It remains to prove 3). Let ϕ, ψ ∈ P SH(X, ø) with ϕ ≤ ψ. We assume again ψ ≤ 0. It follows then from Stokes theorem that
Therefore ϕ ∈ E ⇒ ψ ∈ E.
. Indeed E obviously contains constant functions and if ϕ ∈ P SH(X, ø) is bounded from below by some constant C then ϕ ∈ E by the previous proposition. Alternatively it may be useful to note the following inequality: if
2) If ϕ ∈ P SH(X, ø) is bounded near some ample divisor D, then ϕ ∈ E. Indeed let ø D be a Kähler form cohomologous to [D] , the current of integration along D. Integrability against ø is equivalent to integrability against ø D ; for simplicity we assume ø D = ø. We can find ø ′ a smooth positive closed (1, 1) form cohomologous to ø such that ø ′ ≡ 0 outside some small neighborhood V of D where ϕ is bounded. Fix χ ≥ 0 smooth such that ø = ø ′ + dd c χ and assume w.l.o.g. ϕ ≤ 0. Then
These examples are analogous to the psh functions with compact singularities introduced and studied by N.Sibony [22] in the local theory (see the survey article [11] and references therein).
3) If ø ϕ is the current of integration along some complex hypersurface H of X then ϕ ≡ −∞ on H hence ϕ / ∈ E. One can also produce examples of functions ϕ ∈ P SH(X, ø)\E which have zero Lelong number at all points: let
One can generalize example 1.4.3 as the following proposition shows: Proposition 1.5. Assume ϕ ∈ P SH(X, ø), ϕ ≤ −1 and fix 0 ≤ α < 1/2.
Then −(−ϕ) α ∈ E(X, ø). In particular every locally pluripolar set is included in the −∞ locus of a function in E(X, ø).
Proof. Set ϕ α := −(−ϕ) α = χ • ϕ, where χ(t) = −(−t) α . We assume first 0 ≤ α < 1. Observe that 0 ≤ χ ′ •ϕ ≤ α ≤ 1 and χ"•ϕ = α(1−α)(−ϕ) α−2 ≥ 0 so that by (1), ϕ α ∈ P SH(X, ø) with
It is well-known that the gradient ∇ϕ of a ø-psh function ϕ is in L p for all p < 2 (but does not belong to L 2 in general, see example 1.4.3). Inequality (2) shows, more precisely, that ∇ϕ belongs to a weighted version of L 2 .
Observe now that dϕ β ∧d c ϕ β = β 2 (−ϕ) 2−2β dϕ∧d c ϕ. If we set β = α/2 < 1/2, it therefore follows from (2) that
This proposition implies, together with proposition 1.3, the following:
Then the measure ø ϕ ∧ ø does not charge pluripolar sets.
The complex Monge-Ampère operator
The complex Monge-Ampère operator ø 2 ϕ can be easily defined for functions ϕ ∈ E(X, ø). This was already observed by Bedford and Taylor in the local context (see [4] , [5] ). Indeed if ϕ ∈ E(X, ø) then we set
This is a well defined current of maximal bidegree (2, 2) which happens to be a probability measure (proposition 1.3.1). This operator is continuous on decreasing sequences, as follows from lemma 1.1.
In the context of quasiplurisubharmonic functions, convergence in the Sobolev norm and weak convergence are almost the same as the following result shows.
Proof. Observe that 1) ⇒ 2) follows from lemma 1.1 and 2) ⇒ 3) is obvious.
So it remains to prove 3) ⇒ 1). It is a standard consequence of quasiplurisubharmonicity that ϕ j → ϕ weakly iff ϕ j → ϕ in L 2 ; moreover for all x ∈ X, lim sup ϕ j (x) ≤ ϕ(x) with equality off a pluripolar set (see [18] ).
Assume this is the case. It follows that (ϕ j ) is uniformly bounded from above. We can assume ϕ j , ϕ ≤ 0, hence our assumption yields a uniform bound
A repeated application of Stokes theorem yields
The first integral converges to 0 since ϕ j → ϕ in L 2 . The last one also by assumption 3). Thanks to (3) we can apply Fatou's lemma and get lim sup
Proof. Assume (ϕ j ) ∈ E is an increasing sequence which converges in L 2 towards ϕ. Then ϕ j (x) → ϕ(x) at every point of X \ P , where P is a pluripolar set (see [5] ). We can assume w.
Since ϕ j (x) ր ϕ(x) at ø ϕp ∧ ø (and ø 2 ) almost every point x, we infer lim sup
Now ϕ p ր ϕ as p → +∞ with pointwise convergence ø ϕ ∧ ø-almost everywhere. This shows lim sup
It follows that the sequence of positive currents (−ϕ j )ø ϕ j has uniformly bounded mass. Let S be a cluster point of this sequence. We have just shown
where ϕ ε denotes smooth ø-psh functions that decrease towards ϕ. Since ø ϕ j weakly converges towards ø ϕ , we infer,
In [15] we have started to study the Monge-Ampère capacity associated to ø which is defined as follows:
where K is any Borel subset of X. This capacity vanishes on pluripolar sets, more precisely Cap ø (ϕ < −t) ≤ C ϕ /t for every fixed ø-psh function ϕ. This estimate is sharp in the sense that Cap ø (ϕ < −t) ≥ C ′ ϕ /t when ø ϕ is the current of integration along an hypersurface. However when ϕ belongs to E(X, ø), one can establish finer estimates as the following proposition shows.
Proof. We can assume w.l.o.g. ϕ ≤ 0. Fix u ∈ P SH(X, ø) with −1 ≤ u ≤ 0. By Chebyshev inequality,
So we need to get an upper bound on the last two integrals that is uniform in u. We first get a bound on
It follows therefore from Stokes theorem that
Similarly one gets
We infer
Our aim in this paper is to describe the range of the Monge-Ampère operator on various subclasses of E(X, ø). It is an interesting open question to obtain a description of the set of probability measures
One can ask for instance if every probability measure on X belongs to M(X, ø) ? One of the difficulties lies in the lack of uniqueness of solutions ϕ ∈ E(X, ø) to the equation ø 2 ϕ = µ, as the following example shows. 
where ν denotes a probability measure on the Riemann sphere 
Thus the set of solutions {ϕ ∈ E(P 2 , ø) / ø 2 ϕ = δ 0 } has infinite dimension and contains a subset isomorphic to P SH(P 1 , ø P 1 ) ∩ W 1,2 (P 1 ), where ø P 1 denotes here the Fubini-Study Kähler form on the Riemann sphere P 1 .
In the remaining part of this article, we are going to define and study several subclasses of E(X, ø) on which solutions of Monge-Ampère equations are essentially unique. This is the key to the description of the range of ø 2 ϕ on these classes.
The class E 1 (X, ø)
Our main subject of interest in the sequel is the following class of qpsh functions,
. When no confusion can arise, we shall simply denote E 1 (X, ø) by E 1 .
Of course bounded ø-psh functions belong to E 1 . We will exhibit in examples 6.3 below unbounded functions that belong to E 1 . These however have mild singularities: it follows from a result of J.-P.Demailly [11] that if ϕ ∈ E has positive Lelong number at some point a ∈ X, then ø 2 ϕ has some positive Dirac mass at point a, so that ϕ cannot be integrable with respect to ø 2 ϕ . Before establishing basic properties of the class E 1 , we start by proving a useful continuity result.
Theorem 3.1 (Continuity). Let ϕ j ∈ E 1 (X, ø) be a decreasing sequence. Then the sequence ( X (−ϕ j )ø 2 ϕ j ) j is bounded if and only if ϕ := lim ց ϕ j ∈ E 1 (X, ø), and in this case
Since dϕ j ∧ d c ϕ j ∧ ø ϕ j ≥ 0, it follows that (ϕ j ) has bounded Sobolev norm, hence ϕ j → ϕ in the Sobolev W 1,2 -norm (so ϕ ∈ E 0 (X, ø)) and ø 2 ϕ j → ø 2 ϕ by Theorem 2.1.
Assume first that the sequence ( X (−ϕ j )ø 2 ϕ j ) is bounded. Let ν be a cluster point of the sequence of positive measures (−ϕ j )ø 2 ϕ j . It follows from standard arguments that (−ϕ)ø 2 ϕ ≤ ν, hence, in particular, ϕ ∈ E 1 (X, ø). Indeed we can find smooth ø-psh functions (ϕ ε j ) ε>0 that decrease towards ϕ j as ε ց 0. Let χ ≥ 0 be a test function, then for j ≥ p, we obtain
by the monotone convergence theorem.
We now show that ν and (−ϕ)ø 2 ϕ have the same mass. This will prove that ν = (−ϕ)ø 2 ϕ is the unique cluster point, hence ϕ j ø 2 ϕ j → ϕø 2 ϕ . Since −ϕ j ≤ −ϕ, it follows from Stokes theorem that
The first integral converges to 0 since ||ϕ j − ϕ|| W 1,2 → 0. We estimate the last one by using Stokes theorem again,
Conversely if ϕ ∈ E 1 (X, ø), the proof above shows that lim sup
We shall make constant use of theorem 3.1 in what follows. Indeed every function ϕ ∈ E 1 is the decreasing limit of a sequence of smooth functions ϕ j ∈ E 1 such that (−ϕ j )ø 2 ϕ j is bounded. We can thus perform integration by parts in the class E 1 by working first with smooth approximants. This will be implicit in our forthcoming computations.
3) The set E 1 (X, ø) is a star-shaped convex. 4) Assume ϕ, ψ ∈ P SH(X, ø) with ϕ ≤ ψ. If ϕ ∈ E 1 (X, ø) then ψ ∈ E 1 (X, ø). In particular E 1 (X, ø) is stable under taking maximum.
5) Let
well defined positive measure whose total mass is bounded by
Proof. Let ϕ ∈ E 1 (X, ø) with ϕ ≤ 0. Assume first that ϕ is smoooth.
Observing that dϕ ∧ d c ϕ ∧ ø ϕ is a positive measure, we infer from Stokes theorem that
A similar use of Stokes theorem yields the second inequality. The general case now follows by regularizing ϕ and by using theorems 2.1 and 3.1. This proves 1). Let ϕ, ψ, u ∈ E 1 (X, ø). That ø ϕ ∧ ø ψ is a well defined probability measure follows from proposition 1.3. We can assume, w.l.o.g. that ϕ, ψ, u ≤ 0. We are going to show that u ∈ L 1 (ø ϕ ∧ ø ψ ) by proving
By theorem 3.1 we can assume ϕ, ψ, u are smooth. Observe first that by Stokes theorem,
, where the last inequality follows from Cauchy-Schwarz inequality. Now
On the other hand it follows from Cauchy-Schwarz inequality again together with 3.2.1 that
It suffices therefore to prove
We decompose again ø ψ = ø + dd c ψ and integrate by parts to obtain
If (−ψ)ø ψ ∧ ø ϕ ≤ M we are done, otherwise this yields
Similarly we obtain
Either (−ϕ)ø ϕ ∧ ø ψ ≤ M and we are done, or this yields
Finally (4) and (5) yield the upper-bound (−ϕ)ø ϕ ∧ ø ψ ≤ 4M . This ends the proof of 2). Now 3) follows straightforwardly from 2), as in the proof of proposition 1.2.2. We turn to 4). Assume ϕ ≤ ψ ≤ 0 with ϕ ∈ E 1 . Then
Going on integrating by parts, using dd c ϕ ≤ ø ϕ , −ψ ≤ −ϕ and 4.2.1, we end up with
which proves 4). It remains to prove 5). Let ϕ j be smooth approximants of ϕ and compute
Thanks to theorem 3.1, all the terms on the right hand side converge if ϕ ∈ E 1 and ϕ ∈ L 2 (ø ∧ ø ϕ ). This shows that the measure dϕ ∧ d c ϕ ∧ ø ϕ is well defined in this case. Note that it is positive as a limit of positive measures. Moreover if ϕ ≤ 0, then (−ϕ)ø ∧ ø ϕ ≥ 0, hence
Similar arguments as above now yield the following continuity result, whose proof is left to the reader. There is uniqueness of solutions to the Monge-Ampère equation in the class E 1 as the following result shows.
Theorem 3.4 (Uniqueness
Proof. We first assume that ψ belongs to E 1 (X, ø) as well. Set f = ϕ−ψ and h = (ϕ + ψ)/2 ∈ E 1 (X, ø) (proposition 3.2). We assume w.l.o.g. ϕ, ψ ≤ 0. We are going to prove that ∇f = 0 by establishing the following inequality
Observe that each integral on the right hand side is finite thanks to proposition 3.2 if ϕ ∈ L 2 (ø ϕ ∧ ø) and ψ ∈ L 2 (ø ψ ∧ ø). Observe also that this yields the desired result in this case since
,we use smooth approximants ϕ j , ψ j and observe that
as follows from theorem 3.3. We now establish ( †). Note that df ∧d c f ∧ø = df ∧d c f ∧ø h −df ∧d c f ∧dd c h, hence integrating by parts in the last term yields
Now it follows from Cauchy-Schwarz inequality that
It remains to prove that ψ indeed belongs to E 1 (X, ø). We can assume ψ, ϕ ≤ 0. Observe first that ψ ∈ L 1 (ø ψ ∧ ø ϕ ):
Remark 3.5. The idea of the proof of this uniqueness result goes back to E.Calabi [8] who used the positivity of df ∧ d c f ∧ (ø ϕ + ø ψ ) when ø ϕ , ø ψ are Kähler forms. The proof given above is a variation on an argument of Z.Blocki [6] who proved the uniqueness in case ϕ, ψ are bounded.
The next lemma will be quite useful in section 6. It gives a necessary condition for a probability measure to be the Monge-Ampère of a function that belongs to the class E 1 . Lemma 3.6. Let µ be a probability measure on X. Then E 1 (X, ø) ⊂ L 1 (µ) if and only if there exists C µ > 0 such that for all functions ϕ ∈ P SH(X, ø)∩ L ∞ (X) normalized by sup X ϕ = −1, one has
Proof. One direction is obvious. If there is such an inequality for all bounded ø-psh functions, then the inclusion E 1 ⊂ L 1 (µ) follows from theorem 3.1.
Conversely assume the inequality is not satisfied, i.e. for all j ∈ N, one can find a bounded ø-psh function ϕ j such that sup X ϕ j = −1 and
Assume first that the sequence (−ϕ j )ø 2 ϕ j ≤ M is uniformly bounded from above. We set then ψ := j≥1 2 −j ϕ j . This is a well defined ø-psh function (as a decreasing sequence of ø-psh functions which does not converge uniformly towards −∞ thanks to the normalisation sup X ϕ j = −1). Now it follows from the estimate in the proof of proposition 3.2.1 that
hence ψ ∈ E 1 , while (−ψ)dµ = +∞ by the monotone convergence theorem.
Assume now M j := (−ϕ j )ø 2 ϕ j → +∞. We set ψ j := ε j ϕ j , where ε j = M −1/2 j is chosen so that (−ψ j )ø 2 ψ j ≤ M is uniformly bounded. Indeed a straightforward computation yields
because (−ϕ j )ø 2 is uniformly bounded since sup X ϕ j = −1 and (−ϕ j )ø ∧ ø ϕ j ≤ (−ϕ j )ø 2 ϕ j . We set now ψ := 2 −j ψ j . This is a well defined function in E 1 such that
Thus (−ψ)dµ = +∞, so that E 1 is not included in L 1 (µ).
When µ = ø 2 ψ is the Monge-Ampère of a function ψ ∈ E 1 (X, ø), it follows from proposition 3.2 that E 1 (X, ø) ⊂ L 1 (µ), hence there exists C ψ > 0 such that for all functions ϕ ∈ P SH(X, ø) ∩ L ∞ (X) normalized by sup X ϕ = −1, one has
The classes E p (X, ø)
In this section we fix a real number p ≥ 1.
Definition 4.1. We let E p (X, ø) denote the set of functions ϕ ∈ E(X, ø) such that there exists a sequence ϕ j ∈ P SH(X, ø) ∩ L ∞ (X) with ϕ j ց ϕ and sup
When no confusion can arise, we shall simply denote E p (X, ø) by E p . Similar classes were introduced by U.Cegrell in the local context [9] as generalizations of the classical notion of subharmonic functions of finite energy.
Observe that E(X, ø) = E 0 (X, ø) ⊃ E p (X, ø) ⊃ E q (X, ø) whenever p ≤ q. When p = 1 this definition is equivalent to the one we gave in section 3, thanks to theorem 3.1. When p > 1 we of course get the inclusion
, however the reverse inclusion is not clear: we don't know how to produce a decreasing sequence with uniformly bounded energies. Indeed a delicate point in the analysis of the classes E p is that we don't know if a continuity result similar to theorem 3.1 still holds. We shall prove a weaker property in theorem 4.4 below, but we need first to establish some useful inequalities.
Proof. It suffices to establish these inequalities when ϕ, ψ are smooth. Indeed one can approximate ϕ, ψ by decreasing sequences of smooth ø-psh functions and then use classical continuity results of E.Bedford and A.Taylor [5] .
In the sequel we thus assume ϕ, ψ are smooth. Observe that dϕ ∧ d c ϕ ∧ T is a positive measure whenever T is a smooth (1, 1)-form. It follows therefore from Stokes theorem that
and, similarly,
This proves 1). Now observe that
which proves 2). The proof of the third inequality is similar and is left to the reader.
Proof. Let ϕ j be a sequence of bounded ø-psh functions which decreases towards ϕ and with bounded energies. We can assume w.l.o.g. that ϕ j , ψ k ≤ 0 for all j, k. We fix k and consider the sequence Φ j := max(ϕ j , ψ k ) ∈ P SH(X, ø) ∩ L ∞ . This is a sequence of uniformly bounded ø-psh functions such that Φ j ↓ ψ k as j → +∞. It follows therefore from classical continuity results of Bedford and Taylor that (−Φ j ) p ø 2
Recall that a sequence of ø-psh functions (ϕ j ) converges in capacity towards ϕ ∈ P SH(X, ø) if for all ε > 0,
Following [25] we now show that convergence in capacity implies convergence of Monge-Ampère operators.
Theorem 4.4. Let ϕ ∈ E p (X, ø) and let (ϕ j ) be a sequence of ø-psh functions that converges in capacity towards ϕ. If sup( |ϕ j | p ø 2 ϕ j ) < +∞, then for all q < p, ϕ j ∈ E q (X, ø) and
Proof. The result is true, even with q = p, when the functions ϕ j are uniformly bounded (see [25] ). We are going to reduce to that case by considering
Decomposing in the obvious way, this boils down to establish good upper bounds on
that are uniform in j. By Chebyshev inequality we get
We make a similar use of Chebyshev inequality on the two other integrals. Now it follows from lemma 4.2 and corollary 4.3 that
Note that if ϕ j ∈ P SH(X, ø) ∩ L ∞ (X) decreases towards ϕ, then ϕ j converges towards ϕ in capacity with sup |ϕ j | p ø 2 ϕ j < +∞ (by corollary 4.3). It follows therefore from theorem 4.4 that lemma 4.2 holds whenever ϕ, ψ are in E p (X, ø).
Reversing the roles of ϕ and ψ, this yields
which proves 1). As in the proof of proposition 1.3.2,we infer straightforwardly from 1) that E p is a star-shaped convex. When ϕ ∈ L p+1 (ø ∧ ø ϕ ), the positive current (−ϕ) p+1 ø ϕ is well defined and we compute
This allows us to define (−ϕ) p−1 dϕ ∧ d c ϕ ∧ ø ϕ as soon as p > 0. It then follows from Stokes theorem that
which yields the desired upper bound 3).
The next lemma is analogous to lemma 3.6; it will be quite useful in section 5 as it gives a necessary condition for a probability measure to be the Monge-Ampère of a function that belongs to E p .
Lemma 4.7. Let µ be a probability measure on
The proof is very similar to that of lemmas 3.6. We leave it to the reader. We end this section with a result that will be crucial when solving MongeAmpère equations in the next section.
Proof. The bounded ø-psh functions
decrease towards ϕ. Since ψ j ≥ ϕ j , it follows from corollary 4.5 that sup j (−ψ j ) p ø 2 ψ j < +∞, therefore ϕ ∈ E p (X, ø). We assume now that |ϕ j − ϕ|ø 2 ϕ j → 0. Passing to a subsequence if necessary, we can assume |ϕ j − ϕ|ø 2 ϕ j ≤ 1/j 2 . Consider
It follows from Hartogs' lemma that Φ j → ϕ in capacity, hence ø 2
by theorem 4.4. Thus we need to compare ø 2 Φ j and ø 2 ϕ j . It follows from a classical inequality of J.-P. Demailly [11] that
Range of the complex Monge-Ampère operator
In this section we prove our main result. This is the following Theorem 5.1. Let µ be a probability measure on X and p ≥ 1.
Then there exists a unique function ψ ∈ E p (X, ø) such that µ = ø 2 ψ and sup
This result follows straightforwardly from lemmas 3.6, 4.7 together with the following theorem (applied with α = p/(p + 1)).
Theorem 5.2. Fix p ≥ 1, 0 < α < 1 and C > 0. Let µ be a probability measure such that for all functions ϕ ∈ P SH(X, ø) ∩ L ∞ (X) with sup X ϕ = −1, one has
Then there exists a unique function ψ ∈ E p (X, ø) s.t. µ = ø 2 ψ , sup X ψ = −1. The uniqueness of the solution ψ, once normalized by sup X ψ = −1, follows from theorem 3.4. The proof of the existence will occupy the rest of this section. The strategy of the proof is as follows:
• We approximate µ by smooth probability volume forms µ j using local convolutions and a partition of unity.
• We invoke Aubin-Yau's solution of the Calabi conjecture to find uniquely determined ø-psh functions ϕ j such that µ j = ø 2 ϕ j and sup X ϕ j = −1.
• Since ø-psh functions ϕ normalized by sup X ϕ = −1 form a compact subset of L 1 (X), we can assume that ϕ j → ϕ in L 1 (X).
• The integrability condition on µ guarantees sup j (−ϕ j ) p ø 2 ϕ j < +∞, hence yields ϕ ∈ E p (X, ø).
• The delicate point is then to show that ø 2 ϕ j → ø 2 ϕ . This is done by showing that |ϕ j − ϕ|dµ j → 0 and invoking theorem 4.8. here we use the integrability assumption again with p > 1 in order to show first that ϕ j dµ → ϕdµ.
• The case p = 1 deserves special treatment.
Here follow the technical details. Let {U i } be a finite covering of X by open sets U i which are biholomorphic to the unit ball of C 2 . In each U i we let µ U i ε := µ |U i * χ ε denote local regularization of µ |U i by means of convolution with radial nonnegative smooth approximations χ ε of the Dirac mass. Let {θ i } be a partition of unity subordinate to {U i } and set
Proof. When the ϕ j 's are uniformly bounded, the first convergence follows from standard arguments (see [9] ). Set
We will be done with the first convergence if we can show that |ϕ (k) j − ϕ j |dµ → 0 uniformly in j as k → +∞. This is where we use the assumption p > 1. Namely
It remains to prove a similar convergence when µ is replaced by µ j . It actually suffices to consider the case of measures µ U j := µ |U * χ ε j . Now
where as above, u j , u are psh functions in U such that ϕ j = u j − γ and ϕ = u − γ in U , γ is a local potential of ø in U and dλ denotes the Lebesgue measure in U . The lemma will be proved if we can show that w j dµ → 0, where
Defineũ j := (sup k≥j u k ) * . This is a sequence of psh functions in U which decrease towards u. Observe thatũ j ≥ max(u, u j ) so that
It follows from the monotone convergence theorem that (ũ j * χ ε j −u)dµ → 0, while (ϕ j − ϕ)dµ → 0 by the first part of lemma. Therefore w j dµ → 0 and we are done.
It follows from previous lemma and theorem 4.6 that µ = ø 2 ϕ . This proves theorem 5.2 when p > 1. Assume now p = 1. Following an idea of U.Cegrell [9] we consider the set C of probability measures ν such that for all
, where C 0 = C 0 (X, ø) is the constant given by lemma 5.5 below. The set C is a convex compact set of probability measures which contains all measures ø 2 u , where u ∈ P SH(X, ø) is such that −1 ≤ u ≤ 0: this is the contents of lemma 5.5 below. It follows from a generalization of Radon-Nikodym theorem [21] that one can decompose
Now σ is carried by a pluripolar set because C contains all the measures ø 2 u , −1 ≤ u ≤ 0, and µ does not charge pluripolar sets because E 1 (X, ø) ⊂ L 1 (µ), thus σ = 0. Consider µ j := δ j min(f, j)ν, where δ j ց 1 so that µ j (X) = 1. It follows from theorem 5.2 (case p = 2) that there exists a unique ϕ j ∈ E 2 (X, ø) with sup X ϕ j = −1 and µ j = ø 2 ϕ j . We can assume ϕ j → ϕ in L 1 (X). Now
Clearly Φ j ∈ E 1 (X, ø) with Φ j ց ϕ and F j ր f . It follows from a classical inequality of J.-P.Demailly [11] that
We infer ø 2 ϕ ≥ µ, whence equality since these are both probability measures. This finishes the proof of theorem 5.2.
Lemma 5.5. There exists C 0 = C 0 (X, ø) > 1 such that for all ϕ ∈ P SH(X, ø), sup X ϕ = −1, and for all
Proof. It follows from Stokes theorem and Cauchy-Schwarz inequality that
ϕ and (−ϕ) 2 ø 2 is bounded from above by a uniform constant that only depends on X, ø, since we have normalized ϕ by sup X ϕ = −1. The lemma follows.
Capacity of sublevel sets
In this section we want to connect the condition ϕ ∈ E p (X, ø) to the size of the sublevel sets (ϕ < −t) measured by the complex Monge-Ampère capacity Cap ø : the smaller (ϕ < −t), the better the exponent p for which ϕ ∈ E p (X, ø). This will allow us to give several examples of unbounded functions ϕ ∈ E p (X, ø), as well as examples of probability measures µ such that E p (X, ø) ⊂ L p (µ). The basic tool to establish this connection is the comparison principle which we now recall (see [20] for a proof).
This yields the second inequality. The remaining assertions are straightforward consequences of (6), (7) and Chebyshev inequality.
These estimates allow us to give now several examples of functions which belong to the classes E p (X, ø).
1) Assume X = P 2 is the complex projective space and ø = ø F S is the Fubini-Study Kähler form. We let [z 0 : z 1 : z 2 ] denote the homogeneous coordinaets on P 2 . Consider ϕ[z 0 : z 1 : z 2 ] = log ||(z 1 , z 2 )||−log ||(z 0 , z 1 , z 2 )|| ∈ E(X, ø). This is a C ∞ -smooth function in P 2 \ {a}, where a = [1 : 0 : 0], which has Lelong number 1 at point a, hence ϕ / ∈ E 1 (X, ø). One can compute explicitly [15] ).
Consider now ϕ α := −(−ϕ) α for 0 < α < 1. Then ϕ α ∈ E p (X, ø) for α < 2/(p + 2), as follows from lemma 6.2.
2) This first example can be slightly generalized as follows. Let ϕ be any ø-psh function such that ϕ ≤ −1. Then ϕ α := −(−ϕ) α ∈ P SH(X, ø) whenever 0 ≤ α ≤ 1. It follows moreover from lemma 5.2 that ϕ α ∈ E p (X, ø) as soon as α < 1/(p + 2).
In the same vein observe that Φ := − log(−ϕ) ∈ P SH(X, ø) if ϕ ≤ −2. Moreover Φ ∈ E p (X, ø) for all p ≥ 1, although Φ is not necessarily bounded.
3) Assume X = P 1 x × P 1 y and ø(x, y) = α(x) + α(y), where α denotes the Fubini-Study Kähler form on P 1 . Assume ϕ(x, y) = u(x) + v(y) where u, v come both from α-psh functions on P 1 , with u smooth while v is singular. Then ø ϕ = α u (x) + α v (y) and ø 2 ϕ = 2α
In particular one can get ϕ ∈ L p (ø 2 ϕ ) for some p ≥ 1 but ϕ / ∈ L p+ε (ø ∧ ø ϕ ) whenever ε > 0.
Observe that there are functions in examples 1 and 3 above that belong to E p (X, ø) for some p ≥ 1, but not to E p+1 (X, ø). The last example explains partially why there is a gap in the estimates given by lemma 5.2: we have the right exponent when ϕ ∈ E p (X, ø) also satisfies ϕ ∈ L p+1 (ø ∧ ø ϕ ), but this integrability condition is not necessarily satisfied unless ϕ ∈ E p+1 (X, ø). It is satisfied however, when the function ϕ has singularities in a "small compact" (see example 1.4.2). More precisely we have the following: Proposition 6.4. Assume ϕ ∈ E p (X, ø) is bounded near some ample divisor. Then ϕ ∈ L p+1 (ø ∧ ø ϕ ).
Proof. Let ϕ ∈ E p (X, ø), ϕ ≤ 0, be bounded in a neighborhood V of some ample divisor D. We assume for simplicity that the current [D] of integration along D is cohomologous to ø. Let ø ′ ≥ 0 be a smooth closed (1, 1)-form cohomologous to ø such that ø ′ ≡ 0 in X \ V . Fix χ ≤ 0 such that ø = ø ′ + dd c χ. Assume first ϕ is smooth. It follows from Stokes theorem that
Now we can get a similar control on ||ϕ|| L p+1 (ø∧øϕ) by approximating ϕ by a decreasing sequence of smooth ø-psh functions and by using theorem 4.4.
We now want to give some examples of probability measures which can be expressed as ø 2 ψ , ψ ∈ E p (X, ø). Observe first that if P SH(X, ø) ⊂ L 1 (µ), then in particular E 1 (X, ø) ⊂ L 1 (µ), hence µ = ø 2 ψ for some function ψ ∈ E 1 (X, ø). Every measure which decomposes as
where Θ is a smooth form and R is a positive current of bidimension (1, 1), satisfies P SH(X, ø) ⊂ L 1 (µ). There are several examples of such measures arising in complex dynamics [14] . We don't know if ψ is necessarily bounded in this case (this is trivially true in dimension 1). When µ = f ø 2 has density f ∈ L r (X), r > 1, S.Kolodziej has proved [19] that µ = ø 2 ψ for some bounded ø-psh function ψ. This is because µ is strongly dominated by Cap ø in this case (see proposition 6.5 below). When the density is only in L 1 , this does not work. Consider for instance µ = f ø 2 , where f ∈ C ∞ (X \ {a}) is such that f (z) ≃ 1 ||z|| 4 (− log ||z||) 2 − 1 near the point a(= 0 in a local chart). Observe that ϕ(z) := εχ(z) log ||z|| ∈ P SH(X, ø) if χ is a cut-of function such that χ ≡ 1 near a = 0, and ε > 0 is small enough. Now ϕ / ∈ L 1 (µ) but still E 1 (X, ø) ⊂ L 1 (µ). Therefore there exists ψ ∈ E 1 (X, ø) such that µ = ø 2 ψ , as follows from theorem 5.1. Note however that ψ / ∈ E p (X, ø) for p > 2. Indeed ϕ α := −(−ϕ) α ∈ E p (X, ø) if α < 2/(p + 2) (see example 6.3.1) and ϕ α ∈ L p (µ) implies αp < 1, hence p ≤ 2.
Observe also that there are measures µ = f ø 2 with L 1 -density such that E 1 (X, ø) ⊂ L 1 (µ): one can consider for instance f ε that looks locally near a = 0 like [||z|| 4 (− log ||z||) 1+ε ] −1 , for ε > 0 small enough.
In order to give further examples, we need to relate integrability properties of µ to the way it is dominated by Cap ø . This is the contents of the following: Proposition 6.5. Let µ be a probability measure on X.
Assume there exists α > p/(p + 1) and A > 0 such that
for all Borel set E ⊂ X. Then E p (X, ø) ⊂ L p (µ).
Conversely assume E p (X, ø) ⊂ L p (µ). Then there exists 0 < α < 1 and A > 0 such that (8) is satisfied.
